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The j/-component two-dimensional (2D) Bose liquid is considered. It is shown that the finite 
temperature phase transition exists in this 2D continuously degenerate multicomponent system. 
The new type of quasi-long-range order occurs as a result of this transition. The correlation 
function in ordered state is a product of the power- law XY- universality class type function and the 
exponential function corresponding to the SU(v) invariant model. The transition temperature is 
calculated for the diluted system. It is found that the physical mechanism of the phase transition 
is changed when v exceeds the critical value v c = 4. The experimental realization of the considered 
model is discussed briefly. 
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According to Mermin- Wagner theorem (!]] the true 
long-range order does not exist in 2D continuously de- 
generate systems at T ^ 0. Nevertheless, it has been 
shown by Berezinskii and independently by Koster- 
litz and Thouless || (BKT) that the finite temperature 
phase transition exists in two-component 0(2) ~ U(l) 
symmetrical systems. One-component Bose liquid and 
XY-model are widely known examples of such systems, 
which are usually referred to as XY-universality class sys- 
tems. Phase transition in XY-universality class systems 
consists of formation of the state with nonzero transverse 
stiffness. The last one leads to the existence of the sound 
collective excitation branch and power-law decay of the 
correlation function below the critical temperature Tbkt 
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Formation of such power-law "long-range order" is ac- 
companied by the superfluidity in 2D one-component 
Bose liquid j3|. 

Concerning A^-componcnt continuously degenerate 
systems with N > 2 there is a well known statement that 
any phase transition is absent and the correlation func- 
tion decays exponentially in two dimensions Q,[5| . Renor- 
malization group arguments proposed by Polyakov Q for 
O(N) symmetrical model lead to the following expression 
for the correlation length R c : 



R, 



exp 



2nJ 



(N - 2)T 



where J is "exchange" constant for effective N- 
component Heisenberg model. 

The purpose of the present letter is to demonstrate 
the possibility of the finite temperature phase transition 
in some multicomponent 2D continuosly degenerate sys- 
tems. Namely, the i/-component (y > 2) Bose liquid will 
be considered. For simplicity we fix our attention on di- 



luted systems, but general qualitative results will be valid 
for arbitrary density. 

We start from the usual functional integral represen- 
tation for the partition function Z: 



Z = J exp 
Lagrangian L has the form 







d D rL 
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where \I/ is z^-component complex vector, M is the bo- 
son mass and A is a chemical potential. Then we assume 
that the spatial range of the boson-boson interaction ro 
is much smaller than the value V2A/A. This condition al- 
lows one to apply the usual for diluted Bose systems pro- 
cedure of interparticle interaction renormalization @,^,^| . 
For example, one gets for 2D system: 
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Number of particles n is determined by the expression: 
n = -T-^- In Z 

OA 

The symmetry group of the lagrangian (||) is U(y). An- 
other words, the form (fy is invariant under the global 
transformations: = U*&, U + U =1 (U is v x v uni- 
tary matrix) . Let us represent the field SI/ in the following 
form: 



S*S = 1. 
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Here x = {r, r} and no is "bare" condensate density, 
firstly introduced by Popov for 2D one-component Bose 
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gas M. The fields tt and cf> describe the fluctuations 
of module and phase of initial *ff- variables. The v- 
component unit vector S corresponds to rotations in the 
intrinsic isospin space. Any configuration S(x) can be 
obtained by the local SV(v) rotation of arbitrary unit 
constant vector \&o- So vector S(ir) can be written in the 
form: 



S(x) 



„«Aa 



c) *o- 
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Where A a (a = 1, ...,u 2 — 1) are generators of SU{v) 
transformations. The representation (||) is useful at low 
temperatures, where one has: 

n Q w X/t w n, (7) 

and 7r <C rig. 

Substitution of (0) into (|^) leads to the lagrangian: 



L = -iird T <f> - (n + TT)S*d T S + |g{(V0) 2 



IVSI 



- 2iV0(S*VS)} 
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The expression (Q) and the inequality tt <C no have been 
used in (||). 

Bose liquid with lagrangian (||) is not superfluide at 
any dimension D. Indeed, the full momentum P, calcu- 
lated in the frame of reference moving with a velocity 



M 



< **V* > v „ 



prove to be infinite due to the quadratic dispersion law 
of fluctuations connected with a vector S rotation. So 
the dissipation caused by the fluctuations of S destroys 
the superfluide flow and the state with (j> — <fio + v s r 
is unstable. Nevertheless, the phase transition occurs at 
T 7^ in considered system. This statement is evident for 
D > 3 where the true condensate and long-range order 
are formed below the Bose condensation temperature. 
To show the existence of the phase transition in the case 
D = 2 we consider the correlation function behavior at 
|r — r'| — > oo. 

The correlation function of the ideal ^-component Bose 
gas takes the form: 



G(R) =< **(0)*(R) >~ vJ2 



2MT 

k 2 + Rc 
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where the correlation length R c is determined by the 
equation: 



n = v y S~]N l 



k 2 + R~ 
2M 



(N B {E) = (e E/T - l)- 1 is Bose distribution function). 
One gets for two-dimensional system: 




exp 



RT 



and 



R c ~ exp 



(- 
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The unordered (high temperature) phase of the inter- 
acted Bose gas with the lagrangian (||) has the similar 
behavior of the correlation function. This situation is 
analogous to the one-component case Qj. 

To calculate the function G(R) at low temperatures we 
use the representation (||). The asymptotics of G(R) at 
large distances is determined by the static (classical) part 
of the lagrangian (||) . Another words, only fluctuations of 
fields <p and S with zero Matsubara frequency contributes 
to G(R — > oo). Corresponding part of the full lagragian 
is 



L 



— {(V0) 2 



|VS| 2 -2iV0(S*VS)}. (12) 



Shift of the Afield 



leads to the result: 
"o 
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L= 2a7 {(V0)2 + |vs|2 " |s * vs|2} - (14) 



It should be mentioned that V^(r) ( |13| ) is the potential 
part of the vector iS*VS. The solenoidal part of this vec- 
tor has not coupled with </>-field due to integration over 
spatial variables in (||). Besides, ip(r) is a real function 
due to the condition S*S = 1. 

According to (|l4| ) phase <f> an d isospin S fluctuate in- 
dependently. So the partition function can be written in 
the form: 



Z — ZsZs- 
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The first factor Z^, corresponds to the partition function 
for U(l) invariant system, that is equivalent to the two- 
dimensional Coulomb gas with power-law behavior 
of the low temperature correlation function. Thus, the 
correlation function of initial ^-component Bose liquid 
G(R) takes the form (at low temperature): 

G(R) - R~ a < S*(0)S(R) >~ i?""exp (-^j (16) 



MT 
2nno 



R' c ~ exp ( 



nno 



(y - l)MT' 



The approach developed by Polyakov |(| (see also H ) was 
used to estimate the correlator < S*(0)S(R) > for our 
SU(u) symetric model with partition function Zs (p^). 
Correlation function (|l6|) corresponds to " ordered" state 
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with nonzero transverse stiffness no- This function is 
intermediate between the power-law Kosterlitz-Thouless 
correlation function ([!]) and an exponential function. 
Comparison of the high temperature (|lOj), ( fill ) and low 
temperature ( |l6| ) expressions for G(R) shows that the 
phase transition with change of the correlation function 
should exist at some nonzero temperature. 

There are two possible mechanisms of this transition. 
The first one is Kosterlitz-Thouless mechanism connected 
with the vortices unpairing process. Indeed, the system 
with the partition function Z^ is isomorphic to the 2D 
charged gas with logarithmic interaction, which demon- 
strates the phase transition of that type at the temper- 
ature Tbkt- The stiffness parameter at the transition 
point tio{Tbkt) and the critical temperature Tbkt are 
related by the universal Nelson-Kosterlitz equation fl(i[| : 



n (T B KT) 
2MTbkt 
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It should be mentioned that this transition appears 
within the approximation (|i^fl4"|), when the fluctuations 
of 7r-field where considered to be weak (the condition 
7r -C no has been used). According to the terminol- 
ogy used in Q, we call such approximation as "har- 
monic" . The unharmonic vortexless fluctuations can 
drive the phase transition either. That was demon- 
strated by variational calculations for XY-model in ||. 
The one-component Bose-liquid variational theory con- 
sidering selfconsistently the exact relationship between 
anomalous A and normal S self-energy functions (E — 
A = A) has been developed in ||. This theory allows 
one to describe correctly the vortexless fluctuations in a 
dilute limit and leads to the phase transition at some 
temperature To. However, the unharmonic transition 
critical temperature To for both XY-model |s) and one- 
component Bose liquid |^] prove to be more than the 
BKT critical temperature (To > Tbkt)- It will be shown 
bellow that the multicomponent Bose liquid represents 
the example of the system, which demonstrates the phase 
transition of just unharmonic nature. 

The simplest extension of the approach Q on the v- 
component system leads to the following selfconsintecy 
equation for the anomalous self-energy A: 



A = tn 



■E 



2ME k 



N B (E k ), 
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where 



Er, 
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is the Bogoliubov dispersion law and t is the renormal- 
ized interaction (^). The condition A/T <C 1 takes place 
for the diluted system near the critical point. The stiff- 
ness parameter uq is connected with A by the relation 



triQ « A |. Thus the equation determined no near the 
transition point takes the form: 



no = n 
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The solution of the equation (|l9| ) appears abruptly with 
lowering of T at the temperature Tq: 



To 



2irn 
~vM , 
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The relation between the stiffness and the critical tem- 
perature at the unharmonic transition point looks similar 
to one at the Kostrlitz-Thouless critical point (|l7|), but 
with an addition factor connected with the number of 
components v. 



np(T ) 
2MT 



v 

Air' 
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Comparison of the formulas ( pl| ) and (|l7|) shows that the 
temperature of the Kosterlitz-Thouless phase transition 
Tbkt is less than the unharmonic transition temperature 
To if the number of components v < A. The opposite 
inequality Tbkt > T> takes place when v > 4. The 
value v — 4 = v c corresponds to the critical number 
of components at which the critical points for both of 
transitions are coincided and physical mechanism of the 
phase transition is changed. To estimate the temperature 
Tbkt one can use the equation (|l^) and the relation (|lj 
The result is 



Tq — Tbkt 
To 



!"(:•■■ VHiV^ ,22i 



where 7 = v c jv. The last formula directly demonstrates 
the above mentioned behavior. It should be pointed out 
that the width of the temperature region between Tbkt 
and T decreases with density lowering. So it is possible 
to estimate the transition temperature by the formula 
( pp| ) in dilute limit at any v. 

In conclusion the existence of the phase transition in 
multicomponent two-dimensional Bose liquid has been 
demonstrated. The correlation function of the low 
temperature phase is the product of the power-low 
Kosterlitz-Thoules type function and the exponential 
function corresponding to SU(y) invariant model. So 
the quasi-long-range order is formed below the critical 
temperature. Let us discuss briefly the possible experi- 
mental realization of the considered model. It may be a 
two dimensional exciton liquid in semiconductor nanos- 
tructures with holes from the T-point and electrons from 
the X-point of the Brillouin zone. Manifestations of Bose- 
condensation in such system have been reported recently 
pT[ . Most likely that the transition observed (llj is of 
the type described above. 
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